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T​he purpose of this study is to discover triangular, square and hexagonal numbers in terms of                
definitions, illustrations, calculations, relationships and extensions. These numbers are only a few examples             
of what is known as polygonal numbers (Weisstein, n.d. E). Polygonal numbers can be represented in a                 
2-dimensional, geometrical arrangement of equally spaced points to create a regular polygon of sides, ​n               
where ​n and n ​≥ 3 ​(Weisstein, n.d. E)​; ​figures are provided in Appendix A to illustrate these  ∈ Z+                  
arrangements. In addition to triangular, square and hexagonal numbers, there are also pentagonal, heptagonal              
and up to any ​n​-gon numbers that can be arranged to represent pentagons, heptagons, and any ​n​-gons                 
(Weisstein, n.d. E). Furthermore, polygonal numbers are themselves a subset of figurate numbers, which are               
numbers that can be represented as a 2- and/or 3-dimensional, geometrical arrangements (Weisstein, n.d. B).               
Examples and illustrations of figurate, polygonal, triangular, square, and hexagonal numbers are provided in              
Figures 1, 2, 3 4, and 5, respectively.  

 
Definitions 

Figurate Numbers 
 

A ​figurate number is a number that can be represented by a regular geometrical arrangement of                
equally spaced points or balls (Weisstein, n.d. B). Examples of figurate numbers are provided in Figure 1,                 
under Appendix A.  
 
 
Triangular Numbers 
 

A ​triangular number (T​n ​, ​where ​n ) ​is a ​polygonal number​ that can be represented in the form       ∈ Z+
          

of a triangular grid of equally spaced points where the first column contains a single element and each                  
subsequent column contains one more element than the previous one (Weisstein, n.d. D).  

 
(M.A Asiru) 
Examples of triangular numbers are shown in figure under Appendix A. 
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Square Numbers 
 

A ​square number (S​n ​, ​where ​n ) is a ​polygonal number​ that can be represented as a square grid       ∈ Z+            
of equally spaced points composed of ​n​2​, where the first column contains a single element and each                 
subsequent “L-shape” column contains two more elements than the previous one ​(Goodman & Weisstein,              
n.d.).The formula of the n th number is  
In this formula T represents the Triangular number. (Recall  
for triangular number.) 

Examples of square numbers are shown in Figure 4, under Appendix A. 
 
 
Hexagonal Numbers 
 

A ​hexagonal number (H​n ​, where ​n ) is a polygonal number that can be represented as a       ∈ Z+            
hexagonal grid of equally spaced points where the first column contains a single element and each                
subsequent “C-shape” column contains three more elements than the previous one (Weisstein, n.d. C).  

Examples of hexagonal numbers are shown in Figure 5, under Appendix A. 
 

Calculating Triangular, Square and Pentagonal Numbers 
 
Triangular Number Formula 
 

For calculating the ​n​th triangular number, the general formula is T​n = where . This            2
n(n+1)  n∈Z +   

formula counts the number of points in each triangular number arrangement. For instance, in the second                
triangular number arrangement, T​2 = ; thereby, there are 3 points in the second triangular     2

2(2+1) = 2
6 = 3           

number arrangement (see Figure 3). Moreover, the general formula for triangular numbers may also be               
explained through recursive addition where T​n​+1 = T​n + (​n​+1), provided that T​1 = 1. This recursive definition                  
of triangular numbers is taken from its formal definition whereby each ​n​th triangular number (for ​n 1) can               ≥   
be represented in the form of a triangular grid of equally spaced points ​where the first column contains a                   
single element (i.e., T​1 =1) and each subsequent column contains one more element than the previous one                 
(i.e., T​n​+1 = T​n + (​n​+1)) (Weisstein, n.d. D). For instant, re-examining T​2, ​we note that T​2 is defined                   
recursively​ as shown here: T​2​ = T​1​ + 2 = 1 + 2 = 3.  

 
For ​n 1, we note that T​n is also defined recursively in T​n​+1 = T​n + (​n​+1), such that T​n = T​n​-1 + ​n​. For  >                        

example, consider T​3 = T​2 + 3. Since T​2 is also defined recursively, we can substitute T​2 for its recursive                    
definition as shown here: T​3 = T​2 + 3 = (T​1 + 2) + 3 = 1 + 2 + 3 = 6; thereby, there are 6 points in the third                               
triangular number arrangement (see Figure 3). Similarly, T​4 can be defined recursively as T​3 + 4. We note                  
that since T​3 is defined recursively, T​4 = (T​2 + 3) + 4. Once again, T​2 is also defined recursively so that T​4 =                        
[(T​1 + 2) + 3] + 4. Since T​1 = 1, we have that T​4 = 1 + 2 +3 + 4 = 10; thereby there are 10 points in the fourth                                
triangular number arrangement (see Figure 3). It is important to note that this pattern continues such that for                  
any ​n​th triangular number, T​n = 1 + 2 + 3 + ... + ​n ​for . As a result, to compute any ​n​th triangular               n∈Z +          

number, one simply finds its summation. So then, T​n ​= , where the general formula for this summation is          ∑
n

i=1
i          

given by where . Consequently, T​n = for , as it was shown in the beginning of  2
n(n+1)  n∈Z +     2

n(n+1)  n∈Z +          
this section. The first 50 triangular numbers have been generated using Mathematica software and are listed                
in Table 1, under Appendix A. 
 
Square Number Formula 

 
For calculating the ​n​th square number, the general formula is S​n = ​n​2​, ​where . This formula             n∈Z +    

counts the number of points in each square number arrangement. For instance, in the second square number                 
arrangement, S​2 = ; thereby, there are 4 points in the second square number arrangement (see Figure  2 2 = 4               
4).  

 
Moreover, it is important to note that the general square number formula may be derived recursively                

through triangular numbers by S​n ​= T​n + T​n​-1 ​, where S​1 = T​1 = 1 (Asiru, 2008). For example, reconsidering S​2,                      
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we note that S​2 is defined recursively ​through triangular numbers as shown here: S​2 = T​2 + T​1 = 3 + 1 = 4.                        
Since we know the general formula for the ​n​th triangular number (i.e., T​n = for ), we may also              2

n(n+1)  n∈Z +     
re-adjust the general formula for the (​n​-1)​th triangular number to yield T​n​-1 = for .             2

(n−1)((n−1)+1) = 2
(n−1)n  n∈Z +  

So then, the ​n​th square number may be defined as S​n = + , which after simplification, we note            2
n(n+1)   2

(n−1)n       
that S​n ​= + = , as desired. The first 50 square numbers have   2

n(n+1)   2
(n−1)n   2

n(n+1)+n(n−1) = 2
n +n+n −n2 2 = 2

2n2 = n2          
been generated using Mathematica software and are listed in Table 1, under Appendix A, along with the first                  
50 triangular numbers. 

 
Hexagonal Number Formula  

 
For calculating the ​n​th hexagonal number, the general formula is H​n = 2​n​2​-n, ​where . This             n∈Z +   

formula counts the number of points in each hexagonal number arrangement. For instance, in the second                
hexagonal number arrangement, H​2 = ; thereby, there are 6 points in the    2(2) 2 − 2 = 2 (4) − 2 = 8 − 2 = 6         
second hexagonal number arrangement (see Figure 5).  

 
Similar to the square number formula, the hexagonal number formula also has roots in the triangular                

number formula such that H​n = T​2​n​-1​, where H​1 ​= T​1 ​= 1 (Weisstein, n.d. C). In other words, every hexagonal                     
number is a triangular number, but only every other triangular number is a hexagonal number (i.e., H​1 ​= T​1​,                   
H​2 ​= T​3​, H​3 = T​5​, H​4 = T​7​, and etc.) Re-examining ​n = 2, we see that H​2 = T​3 = 1 + 2 + 3 = 6. Similarly, when                               
re-examining ​n = 3, we also note that H​3 = T​5 ​= 1 + 2 + 3 + 4 + 5 = 15. The relationship brings forth the                            
recursive formula H​n = T​2​n​-1 = 1 + 2 + 3 +…+ (2​n​-1) which yields              

, as desired. The first 50 hexagonaln ∑
2n−1

i=1
i =  2

(2n−1)((2n−1)+1) = 2
1 (2n )[ − 1 (2n)] = 2

1 (2) (2n )2 − n = 2 2 − n        

numbers have been generated using Mathematica software and are listed in Table 1, under Appendix A,                
along with the first 50 triangular and square numbers. 
 

Relationships Between Triangular, Square and Hexagonal Numbers  
 
Adding Triangular, Square and Hexagonal Numbers 
 

Triangular numbers have a wide variety of relations to other polygonal numbers. In other words, the                
sum of two consecutive triangular numbers is a square number. For example, given that T​1​=1 and T​2 = 3, the                    
sum of these consecutive triangular numbers equals 4, or S​2. The sum may also be seen as the square of the                      
difference between the two; 3-1=2​2 ​(PlanetMath, n.d.).  
 

There are infinitely many triangular numbers that are also square numbers as proven that eight               
triangles increased by unity produce a square (Beiler, 1996). An example of this formula (which              1 2

8r(r+1) +   
is simplified to 4​r​2 + 4​r + 1, and finally (2​r​+1)​2​) would demonstrate the first triangle number (T​1​=1) as                   

= 9 or S​3​.2
8(1)[(1)+1] + 1  

 
More generally, the difference between the ​n​th ​m​-gonal number and the ​n​th ​(​m​+1)-gonal number is                

the (​n​-1)​th​ triangular number (Weisstein, n.d.D). For example, H​4​ – P​4​ = T​3​, or 28-22=6.  
 
The ​n​th ​Square and Hexagonal numbers (as well as other polygonal numbers) may also be               

manipulated by finding sums of ​m and ​n numbers. This sum will also be added to the number of triangles                    
within a polygon multiplied by the product of ​m ​and ​n. ​For example, the formula for square numbers is ​S​m+n ​=                     
S​m + ​S​n + 2​mn ​(Weisstein, n.d.B)​. ​The multiplicand ​2 is derived from the formula (​n​-2)180 (used to find the                    
sum of interior angles) in which ​n refers to the number of sides composing the polygon. Randomly choosing                  
m to equal 1 and ​n to equal 4, the formula is then re-written as S​1+4 ​= S​1 + S​4 + 2[(1)(4)]. The sum of the first                           
and fourth Square number should be the fifth Square number; therefore, S​1​+S​4​+8=S​5​, or 1+16+8(the product               
of 2​mn​) =25. 

Following the same pattern as the formula for Square numbers, the equation for Hexagonal numbers               
is H​m+n ​= H​m + H​n + 4​mn ​(Weisstein, n.d.C). Working with the first three Hexagonal numbers to keep it brief,                     
H​1+2​= H​1​+H​2​+4[(1)(2)]. As a result, H​3 ​=1+ 6 + 4[(1)(2)]. Indeed, H​3 ​is equal to 15 (Table 1, Appendix B).  
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Geometric Relationship Between Triangular, Square and Hexagonal Numbers  
 

As previously stated, “[S]um of two consecutive triangular numbers is a square number” (Goodman,              
n.d.). Triangular numbers have a wide variety of relations to other figurate numbers. Most simply, the sum                 
of two consecutive triangular number is a "square number", with the sum being the square of the difference                  
between the two (and thus the difference of the two being the square root of the sum) 

 
  

● Figure 6. ​For example ​a​, consider S​4​=T​3​+T​4. ​The sum of all points in which T​3 =6 and T​4                  
=10 is 16 or S​4​. For example ​b​, T​4​ +T​5 ​=S​5; ​10+15=25. 
   

Before a geometric relationship with hexagonal numbers is demonstrated, a direct geometric relationship             
between triangular, square, and pentagonal numbers in the algebraic equation P​n = 3​t​n-1 + ​n may be                 
pictorially seen in the following figures: 

                                       
● Figure 7. From left to right; ​(a) P​1​= 3​t​0​+1 = 1(a single blue point ​n​), ​(b) P​2​=3​t​1​+2=5 (the                  

green, yellow, and violet points represent the three T​1 ​and 2 ​n points), ​(c) P​3​= 3​t​2​+3=12                
(three sets of T​2​ in green , yellow, and violet plus 3 ​n​) 

 
The top figure continues with the notion that when the ​n​-gon increases, it retains its regular shape by                  

adding the gnomon; the piece of the figure that needs to be added to a given figurate number in order to get                      
the next greater figurate number (Figurate numbers, n.d.). In the formula P​n = 3​t​n-1 + ​n ​, we can clearly see                     
the incorporation of the triangular numbers within the pentagonal numbers; yet, the arrangement in figure 8                
(below) gives us a clear, and elementary, visual of how many triangular and square numbers make up a                  
pentagonal number. It must be noted that the pattern does not suggest that the sum of T​n​ and S​n​ equals P​n. 

     
● Figure 8.​From left to right, ​(a)​ P​1​=T​1​=S​1​=1, ​(b)​ P​2​=5 (T​1​+S​2​), ​(c)​ P​3​=12 (T​2+​S​3​) 

For P​2 we see that the top portion of the pentagon (resembles a roof) is the triangular number, while                   
the base is the square number. For P​2​, we see that it took S​2​+T​1 (not T​2​, because it cannot share the points                      
used to make up the square number beneath) to create the pictorial representation of P​2​=5. The Hexagonal  
numbers may also be drawn in a similar pattern (not a regular polygon) with the triangular numbers visible                  
on the top and bottom of the figure and the square number located in the center. 
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● Figure 9​. ​From left to right, (a) H​1​=T​1​=S​1​=1, (b) H​2=​2T​1​+S​2​, (c) H​3​=2T​2​+S​3 
When ​n​=2 for P​2​, we see that it is composed of four points (S​2) in the center and one point (T​1) ​on top and                         

one on the bottom. ​When the hexagonal number increases to P​3​, we find nine points (S​3) in the center, and                    
three points (T​2) ​on the top and bottom of the figure​. 
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Appendix A 
Figure 1 
 

 
Figure 1. Taken from Mathematica and from ​http://figuratenumbers.org/​. From left to right,            
figurate numbers can be polygonal numbers, center polygon numbers, and three-dimensional           
solids.  
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Figure 2 

 
Figure 2. Taken from Wolfram Mathematica. Starting from the left to right, polygonal             
numbers include 10 (4​th triangular number or P​3​(4)), 16 (4​th square number or P​4​(4)), 22 (4​th                
pentagonal number or P​5​(4)), and 28 (4​th​ hexagonal number or P​6​(4)). 

 
Figure 3 
 

 
Figure 3. Taken from Wolfram Mathematica. Starting from the left to right, triangular             
numbers include 1 (T​1​), 3(T​2​), 6 (T​3​), 10 (T​4​), and 15 (T​5​). 
 

Figure 4 
 

 
Figure 4. Taken from Wolfram Mathematica. Starting from left to right, square numbers             
include 1 (S​1​), 4 (S​2​), 9 (S​3​), 16 (S​4​), and 25 (S​5​). 

 
Figure 5 

 
 

Figure 5. Taken from Wolfram Mathematica. Starting from left to right, hexagonal            
numbers include 1 (H​1​), 6 (H​2​), 15 (H​3​), 28 (H​4​), and 45 (H​5​). 

 
 
 
 
 
 
 

 
Appendix B 

Table 1 
 
List of Triangular, Square, Hexagonal Numbers and Sum of ​at most​ 3 Triangular Numbers 

 
Note: ​Calculations were made using Wolfram Mathematica software. 
 
 
 

n
∈Z   +  

T​n ​= (​n​2 ​+  2
1   

n​) 
S​n​ ​= ​n​2 H​n n  = 2 2 − n  n​ = T​x​ +T​y​ + T​z​ ​ for ​n​, ​x​, ​y​, ​z​  ∈ Z+  

1 1 1 1 T​1 ​= ​1 
2 3 4 6 T​1 ​+​ ​T​1 ​= 1 + 1 = ​2 
3 6 9 15 T​2 ​= ​3 
4 10 16 28 T​2 ​+ T​1 ​= 3 + 1 = ​4 
5 15 25 45 T​2​ + T​1​ + T​1​ = 3 + 1 + 1 = ​5 
6 21 36 66 T​3​ = ​6 
7 28 49 91 T​3​ + T​1​ = 6 + 1 = ​7 
8 36 64 120 T​3​ + T​1​ + T​1​ = 6 + 1 + 1 = ​8 
9 45 81 153 T​3​ + T​2​ = 6 + 3 = ​9 
10 55 100 190 T​4​ = ​10 
11 66 121 231 T​4​ + T​1​ = 10 + 1 = ​11 
12 78 144 276 T​4​ + T​1​ + T​1​ = 10 + 1 + 1 = ​12 
13 91 169 325 T​4​ + T​2​ = 10 + 3 = ​13 
14 105 196 378 T​4​ + T​2​ + T​1​ = 10 + 3 + 1 = ​14 
15 120 225 435 T​5​ = ​15 
16 136 256 496 T​5​ + T​1​ = ​16 
17 153 289 561 T​5​ + T​1​ + T​1​ = ​17 
18 171 324 630 T​5​ + T​2​ = 15 + 3 = ​18 
19 190 361 703 T​5​ + T​2​ + T​1​ = 15 + 3 + 1 = ​19 
20 210 400 780 T​4​ + T​4​ = 10 + 10 = ​20 
21 231 441 861 T​6​ = ​21 
22 253 484 946 T​6​ + T​1​ = 21 + 1 = ​22 
23 276 529 1035 T​6​ + T​1​ + T​1​ = 21 + 1 + 1 = ​23 
24 300 576 1128 T​6​ + T​2​ = 21 + 3 = ​24 
25 325 625 1225 T​5​ + T​4​ = 15 + 10 = ​25 
26 351 676 1326 T​5​ + T​4​ + T​1​ = 15 + 10 + 1 = ​26 
27 378 729 1431 T​6​ + T​3​ = 21 + 6 = ​27 
28 406 784 1540 T​7​ = ​28 
29 435 841 1653 T​7​ + T​1​ = 28 + 1 = ​29 
30 465 900 1770 T​7​ + T​1​ + T​1​ = 28 + 1 + 1 = ​30 
31 496 961 1891 T​7​ + T​2​ = 28 + 3 = ​31 
32 528 1024 2016 T​7​ + T​2​ + T​1​ = 28 + 3 + 1 = ​32  
33 561 1089 2145 T​5​ + T​5​ + T​2​ = 15 + 15 + 3 = ​33 
34 595 1156 2278 T​6​ + T​4​ + T​2​ = 21 + 10 + 3 = ​34  
35 630 1225 2415 T​5​ + T​5​ + T​4​ = 15 + 15 + 10 = ​35 
36 666 1296 2556 T​8​ = ​36 
37 703 1369 2701 T​6​ + T​5​ + T​1​ = 21 + 15 + 1 = ​37 
38 741 1444 2850 T​7​ + T​4​ = 28 + 10 = ​38 
39 780 1521 3003 T​7​ + T​4​ + T​1​ = 28 + 10 + 1 = ​39 
40 820 1600 3160 T​8​ + T​2​ + T​1​ = 36 + 3 + 1 = ​40 
41 861 1681 3321 T​6​ + T​4​ + T​4​ = 21 + 10 + 10 = ​41 
42 903 1764 3486 T​8​ + T​3​ =  36 + 6 = ​42 
43 946 1849 3655 T​8​ + T​3​ + T​1​ = 36 + 6 + 1 = ​43 
44 990 1936 3828 T​7​ + T​5​ + T​1​ =  28 + 15 + 1 + ​44 
45 1035 2025 4005 T​9​ = ​45 
46 1081 2116 4186 T​9​ + T​1​ = 45 + 1 = ​46 
47 1128 2209 4371 T​9​ + T​1​ + T​1​ = ​47 
48 1176 2304 4560 T​7​ + T​4​ + T​4​ = 28 + 10 + 10 = ​48 
49 1225 2401 4753 T​7​ + T​6​ = 28 + 21 = ​49 
50 1275 2500 4950 T​7​ + T​6​ + T​1​ = 28 + 21 + 1 = ​50 
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